%‘“_\/x FOS / BOS 12 Technik Additionstheoreme

Additionstheoreme

Summe und Differenz zweier Winkel:
1. sin(ax=*p) = sin(x)cos(B) = cos()sin(p)
2. cos(x+p)= cos(x)cos(B) F sin(x)sin(B)

tan (o) tan (B)

3. tan(axp)= 1Ftan(o)tan(B)

Doppelter und halber Winkel:
4. sin(2x«) =2 sin(x)cos(x)

5. cos[2x)= cos(a)*—sin(x)* = 2 cos(x)’~1 = 1—2 sin(x)’

1—tan(x)
2 1
7. sin 5 :E(I—cos(a))
o« 1 \
8. cos 5 :E(1+cos(0())
?  1—cos(a)
9. tan 2] 1+cos(x)

Summe in Produkt:

10. sin()+sin(B) = 2 sin

11. sin(x)—sin(p) = 2 sin

12. cos()+cos(B) = 2 cos ot

13. cos(x)—cos(B) = — 2 sin ot

Produkt in Summe:

14. 2 sin(«)sin(B) = cos(x—B)—cos(x+p)
15. 2 cos()cos(B) = cos(x—PR)+cos(x+B)
16. 2 sin(o)cos(B) = sin(x—B)+sin(x+p)

Siehe auch Formelsammlung S 39.
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Herleitung:

Wir zeigen zuerst Regel (1) (fiir x+B<7). Aus dieser folgen dann alle anderen Regeln!

Mit den Bezeichnungen nebenstehender Skizze gilt: 14 y
0D = cos(B) () .
BD =sin(B) (II)
ED _ . e a
D - sin(x) < ED =sin(x)-0D
2 sin()-cos (B) (IIT)
CB — - ¢ D
D - cos(x) & CB=cos(x)-BD 8
(1) . a A
= cos(o)-sin(p v ‘ >
(osin(B) (V) ; e
Insgesamt:
sin(x+f) = AB
= AC+CB

md (1Y sin (o) cos (B )+ cos(e)sin (B)

Hieraus lassen sich zwanglos die weiteren Additionstheoreme ableiten:

(1) - (@)
sin(ox—B) = sin (&) cos(—p)+cos (x)sin(—B)
= sin( ) cos(B)—cos ()sin(B)

cos (x+p) = sin ;i—( +B)): sin ;l—(x —B) =sin 12l—(x cos(B)—cos 12l—(x sin(B)
= cos(a)cos(B)—sin(x)sin(B)
cos (x—pB) = cos(x)cos(—p)—sin()sin(—B)
= cos(a)cos(B)+sin(c)sin(B)
_sin(x+B) _ sin(o)cos(B)+cos(c)sin(B)
tan(a+B)_COS(O(+B) cos (o) cos(B)—sin(e)sin(B)
sin (o )cos (B )+ cos(x)sin(B) sin((x)cos(B)+cos((x)sin(B)
cos () cos(B) _cos(x)cos(B) cos(a)cos(B)
~ cos(x)cos(B)—sin(x)sin(B) cos(x)cos(B)  sin(a)sin(p)
cos () cos(B) cos(ax)cos(B) cos(x)cos(B)
_ tan(o)+tan(B)
" 1—tan(x)tan(B)
_ tan(o)+tan(—B) _ tan(c)—tan(B)
tan (o= ) = 1—tan(o)tan(—p) 1+tan(o)tan(p)

zu 4) sin 2| = sin [+ 2 sin (o) cos(o)+cos()sin(x) = 2 sin(x)cos(x)
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zu 5) cos|2 ) = cos|o+ 2 cos( ) cos (o)—sin () sin () = cos ()’ —sin ()’

= cos((x)z—(l—cos(a)z) =2 cos (a)’—1
=2 [1—sin(«)?|—1 = 1—2 sin(x)?

)@ tan (o)+tan () 2 tan(ox)

zu 6) tan(2ot) = tan o+ o) = 1—tan(x)tan(o) 1—tan()

2

zu 7) cos|at| = cos % 2 1-2 sin % e sin|—| = %(1—cos((x))
x| (5) x| a1
zu 8) cos|x| = cos[2-=| = 2 cos|=| =1 & cos|=| = =(1+cos ()|
2 2 2 2
2
[ 1
sin|— 11—
2 2) (7uwd(s 1—cos(a) 2( cos (et 1—cos(x)
2u9) tan 2] = 2 = 1+ cos(x) 1 - 1+ cos ()

2u 16) sin(o+B) = sin (o) cos(B) + cos(a)sin(B) (I)
sin(u—B)gsin(u)cos(B)—cos((x)sin(B) (IT)
(IN+(IT) = sin(x+B)+sin(x—p) = sin()cos(B)+sin(x)cos(p)
=2 sin(x)cos (B)

2u 15) 2 cos() cos(B) = 2 sin 0(+% cos|B) 2 sin 0(+%)+B +sin (x+g)—B)
= sin (cx+B)+g +sin (0(—B)+%) = cos (o +B)+cos(cx—B)
U 14) 2 sin(o)sin (B) = 2 sin(c|cos u—%)“:“ sin o+ B~ || +sin| o —| BT
= sin (0(+B)—% +sin(((x—|3)+%) = —cos (x+B )+ cos(x—B)
2u 10) 2 sin “;B cos “;B U O‘;B+°‘T_B +sin O‘;B—%ﬁ — sin(o)+sin(B)
zu 11) 2 sin u;B cos cher B 0(;64_% +sin 0‘56—%
= sin(x)+sin(—p) = sin(x)—sin(p)
2u12) 2 cos | XP | cos “;B Y o “;Bﬂ% +cos “ZB—% — cos()+cos (B)
2 13) =2 sin| “ 28 foin| S8 12— cos| STB_SCB | o 4F B 2B
= —[cos(—PB)—cos ()| = —[cos (B)—cos(a)| = cos () —cos (B)
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Bemerkung:
Mit e” = z % , z€C und sin(x) = Imle™, cos(x) =Rele™|, x€R
n=0 ""*
gilt: " = cos (x)+i-sin(x). Somit ist
cos(x+y)+isin(x+y) =e" =e" e =]|cos(x)+i-sin(x)]-[cos(y)+i-sin(y)]

= [cos(x)cos(y)—sin(x)sin(y)|+i-[sin(x)cos(y)+sin(y)cos(x)]

Vergleich der Real- und Imaginarteile ergibt die Additionstheoreme fiir sin und cos.
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